Quantum chromodynamics and the electroweak theory at low energies are prominent instances of the combination of a short-range and a long-range interaction. For the description of light nuclei, the large nucleon-nucleon scattering lengths produced by the strong interaction, and the reduction of the weak interaction to the Coulomb potential, play a crucial role. Helium-3 is the first bound nucleus comprised of more than one proton in which this combination of forces can be studied.
I. INTRODUCTION
Quantum chromodynamics (QCD) is non-perturbative at low energies where it is characterized by a scale separation. These two facts facilitate an approximate solution of low-energy QCD, i.e., nuclear physics, with renormalization group (RG) and effective field theory (EFT) techniques [1] [2] [3] [4] .
The strongly interacting character of QCD is of particular interest at very low-energies.
There, the nuclear regime can be described solely by nucleons interacting at the same spacetime point, since the excitation of other degrees of freedom is dynamically forbidden. This "pionless" EFT (EFT(π /)) of nuclear physics is characterized by the large nucleon-nucleon (N N ) scattering lengths relative to the effective range of the nuclear force, as indicated by the unnaturally small deuteron binding energy [5, 6] . EFT(π /) reproduces Bethe's effective range theory [7] as an expansion of the N N amplitude about a non-trivial fixed point of the RG, i.e., unitary fixed point. Thereby, it describes strongly interacting fermionic systems with infinite scattering lengths (original formulation [8, 9] and RG emphasis [10] ) at its leading order (LO). For its usefulness in larger systems, EFT(π /) includes a 3-body contact interaction at LO, abandoning the naturalness assumption and naïve dimensional analysis for this operator. The enhancement of the 3-body-contact interaction is related to a limit cycle found in the RG analysis of the triton [11] and thereby also an expression of the specific regularization that facilitated the limit cycle and gave it its shape. The appearance of 3-body bound states at threshold associated with the limit cycle is a reminiscence of Efimov physics in the unitary limit [12] . Naïve power counting fails due to proximity to the non-trivial unitary fixed point. Perturbations at higher orders include effective-range corrections, as well as relativistic effects. Additional counter terms, needed to renormalize 3-nucleon forces in the triton, appear only at next-to-next-to leading order (NNLO) [13, 14] .
The accidental separation of scales inducing the above EFT(π /) power counting is realized, in particular, between the large scattering lengths and the mass of the pion, as the lightest mesonic degree of freedom. The scale m π suggests that the EFT(π /) approach is limited to light nuclei (A 4), since the scale set by the binding momentum in heavier nuclei is of the order of the pion mass m π , implying their mandatory explicit inclusion in the theory. As QCD generates this large scattering length, its effective potential between nuclei is, relative to the scattering length, short-ranged.
The existence of a long-range repulsive interaction, namely the Coulomb exchange between protons, complicates the description of nuclei relative to generic systems in the unitary limit which are canonically analyzed solely by means of short-range potentials.
The electromagnetic interaction plays an important role in many applications of nuclear physics. The importance of the Coulomb force, in particular, rises as the momentum scale decreases. This expectation follows from the naïve scale of the effect, αm N Q , which becomes significant for momenta Q 10 MeV (nucleon mass m N , and fine structure constant α).
Low-energy proton-proton scattering, e.g. , [15] , is just one example representing a wealth of bound and scattering few-body systems where this enhancement requires an accurate description of the Coulomb force.
The conditions for a perturbative treatment for A > 2 are non-trivial to assess. The complexity is apparent in the seemingly contradictory observations of Coulomb effects only distorting the asymptotic wave function in the analysis of low-energy proton-proton scattering [16, 17] , on the one hand, while on the other hand a new counter-term [18] is needed to fit the low-energy proton-proton scattering length [19] . The Helium-3 (helion) nucleus constitutes an ideal (and maybe the only, if EFT(π /) is inapplicable in heavier nuclei) nuclear specimen to study the effect of a long-range force on the dynamics of otherwise short-range interacting fermions.
The problem is of universal character as we understand nuclear physics as one representative of a class of theories which sit in the vicinity of a "critical manifold" in the space of 2 and 3-body coupling constants: an infrared fixed point and a limit cycle. In the presence of long-range forces, RG properties are changed significantly [20, 21] . Thus, nuclear physics at very low energies, characterized by the strong short-range forces of the unitary fixed point, and weak Coulomb long-range forces, provides a model, as well as a physical system.
EFT(π /) studies of Helium-3 with cutoff variation have been first accomplished in 2010 [22] [23] [24] , validating the LO power counting. The recent helion analysis [25] is remarkable for its unnatural promotion of another 3-nucleon operator. From a cutoff dependence of the helion binding energy (B( 3 He)) at next-to-leading order (NLO), the enhancement of an isoasymmetric 3-nucleon interaction to NLO was inferred. The nuclear bound state problem was formulated and solved, in that work, using Lippmann-Schwinger integral equations and the Coulomb interaction was included non-perturbatively. Here we use the analogous Schrödinger approach to solve the nuclear problem, which effectively imposes a cutoff on the potential and in that differs from the method employed in [25] . In our scheme, results do not exhibit a strong cutoff dependence.
In this article, we present an EFT(π /) calculation at NLO, including the renormalized Coulomb interaction. We outline a consistent scheme to study EFT(π /) at NLO, and show that it is equivalent to the distorted-wave Born approximation. The predictive power is demonstrated in the Helium-3 system. Moreover, we show that the results are consistent with a perturbative treatment of the Coulomb force in this nucleus.
II. PERTURBATIVE NEXT-TO-LEADING ORDER EFT(π /)
In this section, we summarize the power counting of the EFT(π /) up to NLO. Powercounting schemes, in general, order contributions of the arbitrarily complicated interaction operators built of the nucleon field N and its derivatives, which appear in the effective Lagrangian, to the scattering amplitude. We elaborate on how this ordering is preserved in a calculation using solutions of the Schrödinger equation as the standard approach to systems beyond three bodies. To that end, the identity of a NLO-EFT(π /) calculation and the familiar distorted-wave Born approximation (DWBA) is detailed.
A. EFT(π /) for 2 and 3 nucleons
As shown in [26] , the EFT(π /) considers the most general Lagrangian built with nucleon fields and its derivatives. Initially, terms are ordered by their mass dimension and the treelevel amplitude is identified with a potential. In momentum space with incoming (outgoing) relative momentum p( p ), the latter is given by
2-body sector EFT(π /) is an unnatural theory because in addition to the phenomena The iteration of the momentum-independent LO interaction and the perturbative insertion of the NLO vertex is shown without reference to (iso) spin degrees of freedom in Fig. 5 .
We adopt this power-counting scheme for all N N channels.
In addition to the strong short-range force, electromagnetic interactions contribute significantly at low energies to the pp amplitude in form of static Coulomb-photon exchanges.
This exchange implies a different RG parameter dependence, and an iso-spin-dependent contact interaction has to be introduced to renormalize the pp channel [19] .
3-body sector Until recently (see discussion of [25] below), 3-nucleon forces were thought to follow the same pattern in the spin-doublet channel. Namely, an unnatural enhancement of a momentum-independent 3-nucleon contact interaction due to the existence of a lowenergy scale [13] , and corrections from 3-nucleon terms in addition to the 2-nucleon operators which are included perturbatively at an order determined by dimensional analysis [14] . In this framework, the LO potential
is iterated. It includes a LO 3-body interaction with LEC D in the 2 S 1/2 channel. Predictions are then refined with a perturbative treatment of the NLO potential
which is projected (P ( 2S+1 L J ) ) into decoupled spin-singlet (s) and triplet (t) N N channels.
As the interaction operates on antisymmetric states, it is sufficient to consider the squared momentum transfer of the in-and outgoing nucleon pair, q ≡ p − p . With that LO and NLO, EFT(π /) has been successful in describing the 3-nucleon system (LO [13] and NLO in [28] ).
The Coulomb interaction The electromagnetic interaction between two protons is nonperturbative for relative momenta Q αm N ∼ 10 MeV. The momentum scale associated with the bound-state pole in the helion channel, k typ = 2 m N B( 3 He)/3 ∼ 70 MeV, is large enough for a perturbative treatment of the Coulomb interaction [29] . The perturbative approach would be inappropriate if states with relative pp momentum Q < 10 MeV contribute significantly to the helion bound state, as calculations (see [30] for a recent study) and measurements (e.g. , [31] ) indicate [32] .
In the following section, we explain how the power counting is implemented in a calculation of observables by solving the Schrödinger equation in coordinate representation.
B. Schrödinger formulation of EFT(π /)
The NLO-EFT(π /) amplitude expressed in terms of wave functions is given by
which is known as the distorted-wave Born approximation for the two potentials
(the derivation and notation is given in Sec. A).
The potentials and associated amplitudes as recapitulated in the previous section need to be renormalized. In this context, the renormalization scheme comprises two steps (a),
a. (a) Regularization of the EFT(π /) potential We employ a cutoff scheme convenient for the numerical solution of Eq. A1 in coordinate space: The renormalized LECs (superscript Λ) in the 2-body potentials
and
depend in contrast to the bare LECs in Eq. 2,3 on the regulator. A factor of Λ 3{5} /(8π 3/2 ) ({N }LO) from the Fourier transform of the momentum space regulator was lumped into the LECs.
Due to the non-perturbative character of the cutoff dependence of the 3-nucleon amplitude, the promoted 3-nucleon counter term has to be iterated as well [11, 13] . We regularize this term such that its coordinate-space representation reads
and adopt the power counting of [33] in which this is the only 3-body operator up to NLO in the triton channel. A LO-EFT(π /) calculation in the 3-body sector then proceeds by solving Eq. A1 with the sum of Eq. 5 and Eq. 7.
Based on the discussion above about typical momenta in the 3-nucleon bound system, we consider the Coulomb interaction as a perturbation and as a non-perturbative effect. As a perturbation, the Coulomb potential
contributes in the same way as the NLO-EFT(π /) interaction in Eq. 6 to the 3-body amplitude (see cartoon in Fig. 1 ). Through the projectorP
, the LEC C Λ pp acts between protons, only. The proper non-perturbative treatment defines a new LO potential as the sum of Eq. 5 and Eq. 8.
For the cutoff, we chose a range from 660 MeV to 2.4 GeV to cover an interval in which the results of [25] display significant cutoff dependence. As we employ a variational method to solve the 3-body problem, reaching convergence in excited states is numerically challenging.
Thus we limit the analysis to this range where we can find one bound state below and two above a critical cutoff Λ crit. ∼ 1230 MeV.
b. (b) Calibration of LECs
We calibrate/renormalize the LECs such that the amplitudes Eq. A4 (LO) and Eq. 4 (NLO) resemble appropriate data. Scattering phase shifts (δ) at low energy are the canonical choice. To express the corresponding amplitude in terms of effective-range parameters, two steps are involved: expand p cot δ(p) about some p (effectiverange expansion); expand the ensuing amplitude, f (p) = (p cot δ − ip) −1 , in a power series consistently, i.e., about a momentum the EFT expansion is expected to converge rapidly, and up to the same power as the EFT.
At LO, we expand about | p | = 0, and thus have to adjust the LECs such that the amplitude from Eq. A4 matches the scattering length (a) of the respective channel, lim p→0 f (p) = −a. For the NLO calculation, it is prudent to expand about a momentum (p 0 ) which is typical for the system under investigation and not about zero [34] . The threenucleon system contains the singlet and triplet states as subsystems and momentum scales in those systems are given by the poles of the respective amplitude in the complex momentum plane:
MeV .
The logical choice is thus: p 0 = |γ| because we use positive energy scattering states as asymptotic boundary conditions to obtain amplitudes from Eq. A4,4). Explicitly, we match Eq. 4 to the Taylor expansion (we spare the reader the lengthy expression) of
about the pole p 0 = |γ| in the N N singlet and triplet channel, respectively.
The LEC C Λ pp is renormalized to the pp scattering length, a C pp = −7.81 fm, by matching the pp amplitude to the generalized effective range expansion [35] for charged particles.
For this calibration, the interaction in Eq. 8 is iterated because a data points: the neutron-proton scattering lengths and effective ranges for the singlet and triplet channel, the proton-proton scattering length, and the triton binding energy. The pp and np-singlet effective ranges were assumed to be identical, and hence the NLO interaction in Eq. 6 does not break iso-spin symmetry.
Noteworthy are the two renormalization conditions we employed for the 3-nucleon interaction. First, we identified the shallowest state of the nnp-spin-doublet system with the triton. This state can be the ground or an excited state, if the EFT tenet is adopted that effects of deep states, i.e., composed predominantly of modes with momentum beyond the breakdown scale, on predictions of a renormalized EFT can be removed order by order. In a scenario where the 3-nucleon spectrum without 3-body force sustains two bound states (results in Fig. 2 (a) for Λ > Λ crit. or , e.g. , Fig. 6 in [13] ), the adjustment of the 3-body parameter to fix the excited state to the triton will leave the deep state in the spectrum. The corresponding LEC D Λ * exhibits a discontinuous jump between two branches: a repulsive branch (solid black in Fig. 2 (b) ) which matches a deeply-bound ground state to the triton, and an attractive branch (dashed black Fig. 2 (b) ) which lowers an excited state entering at ∼ Λ crit. to the triton (see also the discussion of Figs. 4 and 3, below) . The two branches do not resemble the log-periodic cutoff dependence of the dimensionless 3-body parameter found analytically with auxiliary dibaryon fields [11] . We assume that the running of our 3-body parameter continues periodically, too. While the detailed functional dependence of the cycle is regulator dependent, a constant ratio between the two shallowest 3-nucleon states is widely believed to be a universal feature of nuclei; all regulators must approximate the same ratio barring higher-order effects. The second assumption about the regulator employed here is thus: the second excited bound state which enters, considering the small slope of
GeV, has a binding energy which is relative to the first excited state in the same universal ratio as extrapolated from the calculated spectrum. From the red-dotted line in Fig. 2 (a) , we find B (1) (3)/B (0) (3) to converge to a value close to the universal ratio of ∼ 1/515 which was derived for a → ±∞ [12] .
The second condition allows only one bound state in the spectrum and adjusts D Λ to fix this state's energy to B(T). This LEC will not follow a limit cycle because even beyond the critical cutoff it adjusts the deep state and not the incoming shallow one. Hence, above some cutoff [37] , this procedure will always produce a repulsive 3-body force (see thin gray line as continuation of solid black in Fig. 2 (b) ).
d. Toolbox Optimization problems are solved with the BFGS quasi-Newton method [38] as implemented in the numPy-1.8.2 library. To obtain 2-body scattering wave functions, we alternated between three methods to minimize the possibility of a mistake in the numerical implementation of either method: a Numerov integration, a version [39] of the variable phase method, and a variational method with a Gaussian trial wave function. Three-body wave functions and matrix elements were calculated with the refined-resonating-group method (RGM, original formulation: [40, 41] ; refinement and triton/ 3 He implementation: [42, 43] ) [44] . The variational RGM, as applied here, is significantly less accurate than the Numerov integration and the variable-phase method. We estimated its dominant numerical uncertainty by a rescaling of the variational Gaussian width parameters. With fixed LECs, the variation in B( 3 He), induced by this multiplication of the widths on the two Jacobi coordinates by factors ∈ (0.2, 2), was found to be 0.1 MeV. is small compared with the 3-nucleon limit cycle [11] for B(T), or the ∼ 1.8 MeV change in
B(
3 He) found in the NLO analysis of Helium-3 [25] over the same cutoff range we cover.
Given the different regularization schemes and therefore RG trajectories followed by the respective Λ in [25] and this work, a comparison of the ranges in which Λ's were varied is non-trivial. To assess whether or not sensitivity to short-distance structure is probed to the same extent with two arbitrary regularization schemes, comparing the ranges over which the respective parameters are varied is not productive. Here, we select an observable and compare cutoff ranges based on variations in that observable. Regulator variations are considered similar if they induce variations of the same order of magnitude in the observable.
For this observable, we chose the universal ratio of consecutive bound states in the 3-body system. We showed above (red-dotted line in Fig. 2 (a) ) that our result for the bindingenergy ratio of excited and ground state is almost converged and little variation is expected at higher cutoffs. Further cutoff variation will not increase the uncertainty in this observable and thus would not yield further insight to the renormalization-scheme dependence. In this metric, our cutoff range is comparable to the ∼ 10 5 MeV-wide interval analyzed, e.g. , in [11] .
In more detail, shallow 3-body states are created at threshold if no 3-nucleon force is adjusted and the two (in [25] the three) body regulator is varied. In the scheme employed here, the first of such states enters at a critical cutoff Λ crit. ∼ 1230 MeV (gray band in Figs. 3 and 4). In [25] , the first divergence of the limit cycle of the LO 3-body LEC is located at a cutoff of ∼ 1.8 GeV. The next bound state enters the spectrum at ∼ 36 GeV in [25] .
For our method it is impractical to probe Λ values that high. Nevertheless, assuming our cutoff scheme would require a similar counter term as the one promoted in [25] , the cutoff range between 0.6 MeV and 2.4 GeV assessed here should suffice. In this range, the NLO 3-body LEC of [25] completes almost a complete cycle including zero. As the frequencies of the LO and NLO limit cycles (compare Figs. 6 and 9 in [25] ) are similar and the first LO divergence occurs almost at the same cutoff value, we naïvely expect a similar B( 3 He) variation as in [25] . However, the change we observe in the helion binding energy within this cutoff range is an order of magnitude smaller -note the y-scale in Figs. 3 and 4 spans only 200 keV -and thereby consistent within the EFT and numerical uncertainty.
To conclude, a power counting with LO comprised by the kinetic, three 4-fermi (pp, np singlet/triplet) and one 6-fermi operator treated non-perturbatively, and NLO adding perturbatively two momentum-dependent 4-fermi interactions is valid for the description of the 2 and 3-nucleon bound states. This counting is useful regardless of including the Coulomb interaction perturbatively or non-perturbatively. We argued that the seeming difference to the work of [25] , in the case of a non-perturbative Coulomb force, is related to the regularization scheme which has a significant impact on the power counting.
IV. CONCLUSION
The renormalization-group dependence of the helion ground state was analyzed with the EFT(π /). The binding energy of that state was found invariant with respect to an RG parameter which rescales the 2-and 3-body interaction in a similar fashion. The residual uncertainty in this next-to-leading-order analysis was found insensitive to the iteration of the exchange of Coulomb photons, thus justifying their perturbative treatment.
The result seemingly contrasts an analysis with a non-perturbative Coulomb interaction formulating the few-body problem with auxiliary fields as a set of Lippmann-Schwinger equations. As both formulations are identical except for the regularization and the RG flow thereby parameterized, we stress that despite the suggestive Λ nomenclature common to both calculations, the methods differ significantly in that procedure. The dimensional regulator for the 2-body combined with the cutoff regulator in the 3-body propagator follow a critical trajectory while the regularization chosen in this work does not. This difference between combining dimensional regularization with power divergence subtraction (PDS) with a cutoff regulator [25] , on the one hand, to a cutoff-regulated theory for both the 2-and 3-nucleon amplitudes on the other hand is an unsolved problem. Its importance reaches beyond EFT(π /), considering the analytical and numerical efforts to match chiral effective theories with EFT(π /) to determine the quark-mass dependence of the nuclear force rigorously ( [47] and [28] are EFT-inspired models in that direction): chiral interactions for few-body systems are completely cutoff regulated while EFT(π /), barring [29, 48, 49] , implementations mix cutoff with dimensional-PDS regularization. The discrepancy uncovered here, shows that the two schemes differ in the presence of a long-range interaction, namely the Coulomb force, and thus asks for a generalization of the analysis of [10] to the three-body sector.
The above methodology of solving EFT(π /) in coordinate space with a regulated 2-and 3-body potential was chosen for its practicality to analyze larger nuclei. Regardless of the applicability of EFT(π /) in the 4-nucleon system and beyond, the larger momentum scale in those nuclei suggests that a perturbative treatment of the Coulomb interaction for their ground states converges even faster than in helion. Even for Helium-3 and the triton, our results do not rely on EFT(π /) as the short-distance interaction. A perturbative Coulomb force will be useful for any nuclear interaction describing consistently the 2-nucleon scattering lengths and effective ranges, and the triton ground state.
Considering the ongoing struggle in finding a RG invariant formulation of chiral perturbation theory for few-nucleon systems [50] [51] [52] [53] [54] , we conclude with noting the intriguing application of the above treatment of photons, i.e., iterated and renormalized in the 2-body sector and as a perturbation in larger systems, to pions [55] .
Appendix A: The distorted-wave-Born amplitude
We recapitulate the distorted-wave Born approximation of a scattering amplitude for the sum of two potentials: the short-range strong interaction, for which the Schrödinger equation is solved, and the long-range Coulomb interaction augmented with short-range operators, which are then considered as a perturbation. We follow the standard of Taylor [56] .
The full scattering states | p± V corresponding to an interaction V and in/outgoing boundary conditions (±) obey the stationary Schrödinger differential equation
The wave function ψ 
A free state | p 0 and the Green's operator G 0 follow from Eq. A1 with V = 0. The T operator acts in the space of free states and is introduced as T (E p ± i )| p 0 = V | p± V . In terms of T , Eq. A2 reads
where the iterative solution in the second line is graphically represented by the diagrams in the first line of is thus identical to the one obtained from
In the EFT(π /) power counting, a coupling to partial waves with l > 0 becomes relevant be- yields Eq. 4.
